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1Introduction
$B\equiv B_{n}$ $\mathbb{C}^{n}$ , $S\equiv\partial B$ . $\nu,$ $\sigma$ $\mathbb{C}^{n}$
Lebesgue , $S$ Euclid , $\nu(B)=1,$ $\sigma(S)=1$
. $\alpha\in(-1, \infty)$ , $c_{\alpha}=\Gamma(n+\alpha+1)/\{\Gamma(n+1)\Gamma(\alpha+1)\}$ ,
$d\nu_{\alpha}(z)=c_{\alpha}(1-|z|^{2})^{\alpha}\nu(z)(z\in B)$ . , $\Gamma$ . , $\nu_{\alpha}$
$B$ Borel , $\nu_{\alpha}(B)=1$ . $H(B)$ $B$
.
$p\in(1, \infty)$ , $B$ Privalov $N^{p}(B)$ :
$N^{p}(B)=\{f\in H(B)$ : $\sup_{0<r<1}\int_{S}\{\log(1+|f_{r}|)\}^{p}d\sigma<\infty\}$ .
, $f_{r}(\zeta)=f(r\zeta)(0<r<1, \zeta\in S)$ . $B$ Ne m a $N(B)$ , Smirnov
$N^{*}(B)$ ’ :
$N(B)=\{f\in H(B)$ : $\sup_{0<r<1}\int_{S}\log(1+|f_{r}|)d\sigma$ }.
$f\in N(B)$ , $S$ $\zeta$ $f^{*}(\zeta)\cdot\equiv \mathrm{h}.\mathrm{m}f_{r}(\zeta)r\uparrow 1$ .
$N^{*}(B)=\{f\in N(B)$ : $\lim_{r\uparrow 1}\int_{S}\log(1+|f_{r}|)d\sigma=\int_{S}\log(1+|f^{*}|)d\sigma\}$ .
$p\in[1, \infty),$ $\alpha\in(-1, \infty)$ , $B$ Bergman-Pri v $(AN)^{p}(\nu_{\alpha})$
:
$(AN)^{p}(\nu_{\alpha})=\{f\in H(B)$ : $\int_{B}\{1.\mathrm{o}\mathrm{g}(1+|f|)\}^{p}$ $d\nu\text{ }<\infty\}$ .
, $N^{1}(B)\equiv N^{*}(B),$ $(AN)^{p}(\nu_{-1})\equiv N^{p}(B)(1\leq p<\infty)$ .
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$p\in[1, \infty),$ $\alpha\in[-1, \infty)$ , $(AN)^{p}(\nu_{\alpha})$ $||$ . ||p, ’ $d_{p,\alpha}(\cdot, \cdot)$ (
:
$||f||_{p,\alpha}=\{[\int s\{\mathrm{l}\mathrm{o}\mathrm{g}(1+|f^{*}|)\}^{p}d\sigma]^{\frac{1}{p}}[\int_{B}\{\mathrm{l}\mathrm{o}\mathrm{g}(1+|f|)\}^{p}d\nu_{\alpha}]^{\frac{1}{\mathrm{p}}}$ $\mathrm{i}\mathrm{f}\mathrm{i}\mathrm{f}$ $\alpha=-1-1<\alpha’<\infty$
.
$d_{p,\alpha}(f, g)=||f-g||_{p,\alpha}$ $(f_{\dot{J}}g\in(AN)^{p}(\nu_{\alpha}))$ .
, $||\cdot||_{p,\alpha}$ 5
(i) $f\in(AN)^{p}(\nu_{\alpha})$ , $0\leq||f||_{p,\alpha}<\infty$ .
(ii) $||f||_{p,\alpha}=0$ $B$ $f=0$ .
(iii) $f\in(AN)^{p}(\nu_{\alpha}),$ $\lambda\in \mathbb{C}$ ,
$\min\{1, |\lambda|\}||f||_{p,\alpha}\leq||\lambda f||_{p,\alpha}\leq\max\{1, |\lambda|\}||f||_{p,\alpha}$
.
(iv) $||f+g||_{p,\alpha}\leq||f||_{p,\alpha}+||g||_{p,\alpha}$ $(f, g\in(AN)^{p}(\nu_{\alpha}))$ .
(v) $||f\cdot g||_{p,\alpha}\leq||f||_{p,\alpha}+||g||_{p,\alpha}$ $(f,g\in(AN)^{p}(\nu_{\alpha}))$ .
$||\cdot||_{p,\alpha}$ $(AN)^{p}(\nu_{\alpha})$ $(1 \leq p<\infty, -1\leq\alpha<\infty)$ t , \sim
, algebra . , $d_{p,\alpha}$ $(AN)^{p}(\nu_{\alpha})$
. $(AN)^{p}(\nu_{\alpha})$ , , ,
. $((AN)^{p}(\nu_{\alpha}), d_{p,\alpha})$ $F$-mlgebra . \sim ,
$(AN)^{p}(\nu_{\alpha})$ $B$ .
Privalov $N^{p}(B_{1})$ I. I. Privalov [8] e ,
M. Sto [13], A. V. Subbotin [15] 1 . , 1
Bergman-Privalov $($AN$)^{1}(\nu)$ M. Stoll [13] \sim $\ovalbox{\tt\small REJECT}$
.
2Notations and Preliminaries
$B$ $B$ $Aut(B)$ . $a\in B$ , $a$ (
$[a]$ . P $\mathbb{C}^{n}$ $[a]$ . $a=0$
, $P_{0}=0$ , $a\neq 0$ ,
$P_{a}(z)= \frac{\langle z,a\rangle}{\langle a,a\rangle}a$ $(z\in \mathbb{C}^{n})$
31
. \mbox{\boldmath $\varphi$} :
$\varphi_{a}(z)=\frac{a-P_{a}(z)-\sqrt{1-|a|^{2}}(z-P_{a}(z))}{1-\langle z,a\rangle}$ $(z\in B)$ .
, \mbox{\boldmath $\varphi$} ([10]Theorem 2.2.2, Theorem 22.6):
Lemma 1. $a\in B$ ,
(i) $\varphi_{a}(0)=a,$ $\varphi_{a}(a)=0$ .
(\"u) $1-| \varphi_{a}(z)|^{2}=\frac{(1-|a|^{2})(1-|z|^{2})}{|1-\langle z,a\rangle|^{2}}$ $(z\in B)$ .
(i\"u) $\varphi_{a}\in Aut(B),$ $\text{ ^{}\sim}\supset\varphi_{a^{-1}}=\varphi_{a}$ .
(iv) $(J_{\mathrm{R}} \varphi_{a})(z)=(\frac{1-|a|^{2}}{|1-\langle z,a\rangle|^{2}})^{n\dagger 1}$ $(z\in B)$ .
, $(J_{\mathrm{R}}\varphi_{a})(z)$ $z$ \mbox{\boldmath $\varphi$} .
$\varphi$
$B$ $B$ . $z\in B$ , $\Omega_{\varphi}(z)$
:
$\Omega_{\varphi}(z)=\frac{||\varphi’(z)||^{2}}{|J_{\varphi}(z)|^{2}}$ .
, $\varphi’(z)$ $z$ } $\mathrm{e}$ $\varphi$ , $||\varphi’(z)||$ $\varphi’(z)$ . ,
$J_{\varphi}(z)$ $z$ $\varphi$ . :









$\psi$ , Hardy-Orlicz $H_{\psi}(B)$ , Bergman-Orlicz $A\psi(\nu_{\alpha})$
:
$H_{\psi}(B)=\{f\in H(B)$ : $\sup_{0<r<1}\int_{S}\psi(\log|f_{r}|)d\sigma<\infty\}$ ,
$A_{\psi}(\nu_{\alpha})=\{f\in H(B)$ : $\int_{B}\psi(\log|f|)d\nu_{\alpha}<\infty\}$ .
$\psi(t)=\{\log(1+e^{t})\}^{p}$ $(1 <p<\infty)$ , $H_{\psi}(B)$ $N^{p}(B)$ , $A_{\psi}(\nu_{\alpha})$
$(AN)^{p}(\nu_{\alpha})$ . $H_{\psi}(B)$ , A $(\nu_{\alpha})$ :
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Lemma 3( $\mathrm{C}$ . Ouyang-J. Riihentaus [7]). $f\in H(B)\backslash \{0\}$ , $f\in H_{\psi}(B)$
:
$\int_{B}\psi’’(\log|f(z)|)\frac{|(\nabla f)(z)|^{2}}{|f(z)|^{2}}(1-|z|^{2})d\nu(z)<\infty$.
, $|( \nabla f)(z)|^{2}=\sum_{j=1}^{n}|_{\partial z_{j}}^{\lrcorner\partial}(z)|^{2}$ .
Lemma 4([4]). $-1<\alpha<\infty$ . $f\in H(B)\backslash \{0\}$ , $f\in A_{\psi}(\nu_{\alpha})$
:
$\int_{B}\psi’’(\log|f(z)|)\frac{|(\mathcal{R}f)(z)|^{2}}{|z|^{2}|f(z)|^{2}}.(1-|z|^{2})^{2}d\nu_{\alpha}(z)<\infty$ .
, $( \mathcal{R}f)(z)=\sum_{j=1}^{n}z_{j_{\partial z_{j}}}^{\lrcorner\partial}(z)$ .
$(AN)^{p}(\nu_{\alpha})$ $(-1<\alpha<\infty, 1\leq p<\infty)$ :
Lemma 5([5]). $-1<\alpha<\infty,$ $1\leq p<\infty$ . $f\in H(B)\backslash \{0\}$ ,
$f\in(AN)^{p}(\nu_{\alpha})$ :
$\int_{B}\overline{\Delta}(\{\log(1+|f|)\}^{p})$ $d\nu\text{ }<\infty$ .
, $\tilde{\Delta}$ $B$ Bergman Laplacian .
Lemma 6([10]Theorem 6.6.5). $T$ $B$ $H^{\infty}$ (B)-
$H(B)$ . $T$ $T(A(B))\supset\neq \mathbb{C}$ . ,
$A(B)=C(\overline{B})\cap H(B)$ . , $B$ $B$ $\varphi$ , $T$
:
$T(f)=f\circ\varphi$ $(f\in H^{\infty}(B))$ .
Lemma 1 :
Lemma 7. $1\leq p\leq q<\infty,$ $-1\leq\alpha<\infty$ . $\varphi\in Aut(B)$ , $\varphi$
$C_{\varphi}$ : $(AN)^{q}(\nu_{\alpha})rightarrow(AN)^{p}(\nu_{\alpha})$ .
Lemma 8([14]Theorem 6.5). $f\in N(B)$ , $S$ Borel $\mu$ ,
:
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(i) $\log(1+|f(z)|)\leq P[\mu](\approx)$ $(z\in B)$ .
, $P[\mu]$ $\mu$ Po on :
P (z) $= \int_{S}P(z, \zeta)d\mu(\zeta)$ , $P(z, \zeta)=\frac{(1-|z|^{2})^{n}}{|1-\langle z,\zeta\rangle|^{2n}}$ .
(\"u) $|| \mu||=\sup_{0<r<1}\int_{S}\log(1+|f_{r}|)d\sigma$ .
$f\in N^{*}(B)$ , $||\mu||=||f||_{N^{*}(B)}$ .
3Main Results
Theorem 1, Theorem 2, Coro $\mathrm{a}\mathrm{r}\mathrm{y}$ 1 [6, 9, 16] :
Theorem 1. $1\leq p<\infty,$ $-1\leq\alpha<\infty$ . $\gamma$ $(AN)^{p}(\nu_{\alpha})$
( $\gamma\not\equiv 0$) . , $B$ $w$ $\gamma$
$\gamma(f)=f(w)$ $(f\in(AN)^{p}(\nu_{\alpha}))$
.
Proof. $\mathbb{C}^{n}$ $\pi_{j}(1\leq j\leq n)$ $\pi_{j}$ $(AN)^{p}(\nu_{\alpha})$ . $\pi_{j}$
j $=\gamma(\pi_{j})$ , $w=(w_{1}, \ldots,w_{n})$ $w$ $\mathbb{C}^{n}$ .
, $f$ ,
$\gamma(f)=f(w)$ (1)
. $f$ $\mathbb{C}^{n}$ $\pi j$
$f= \sum_{\alpha\in \mathrm{Z}_{+}^{h}}c_{\alpha}\pi_{1}^{\alpha_{1}}\cdot\pi_{2}^{\alpha_{2}}\cdots\pi_{n}^{\alpha_{n}}$
. , $\{c_{\alpha}\}_{\alpha\in \mathrm{Z}_{+}^{n}}\subset \mathbb{C}$ 0 . $\gamma$
,
$\gamma(f)=\sum_{\alpha\in \mathrm{Z}_{+}^{\mathfrak{n}}}c_{\alpha}\gamma(\pi_{1})^{\alpha_{1}}\cdot\gamma(\pi_{2})^{\alpha_{2}}\cdots\gamma(\pi_{n})^{\alpha_{n}}$





$w\in B$ . $w\not\in B$ 3 $\mathbb{C}^{n}$
$f$ :
(i) $|f|<1$ in $\overline{B}\backslash \{\zeta\}$ .
(ii) $f(\zeta)=1$ .
(iii) $f(w)\geq 1$ .
, $\zeta=\frac{1}{|w|}w\in S$ . $f$ , $f_{j}=f^{j}(j\in \mathrm{N})$ $f_{j}$
, $B$










, $f_{j}$ (1) $f_{j}$ ,
$\gamma(f_{j})=f_{j}(w)=\{f(w)\}^{j}$ $(j\in \mathrm{N})$ .
$f$ $f(w)\geq 1$ ,
$\gamma(f_{j})\geq 1$ $(j\in \mathrm{N})$ (3)
. (2) (3) . $w\in B$ .
$f\in(AN)^{p}(\nu_{\alpha})$ ,
$\gamma(f)=f(w)$
. $\mathbb{C}^{n}$ $(AN)^{p}(\nu_{\alpha})$ 1




. $(AN)^{p}(\nu_{\alpha})$ $B$ (4)
$\lim_{jarrow\infty}fj=f$
$B$ . , $B$ , $w$
. ,
$\lim_{jarrow\infty}f_{j}(w)=f(w)$ (5)
. $f_{j}$ (1) 1







Theorem 2. $1\leq p<\infty,$ $1\leq q<\infty,$ $-1\leq\alpha<\infty$ . $\Gamma$ $(AN)^{q}(\nu_{\alpha})$
$(AN)^{p}(\nu_{\alpha})$ , $\Gamma((AN)^{q}(\nu_{\alpha}))\neq \mathbb{C}\supset$ . ,
$B$ $B$
$\varphi$ , $\Gamma$ :
$\Gamma(f)=f\mathrm{o}\varphi$ $(f\in(AN)^{q}(\nu_{\alpha}))$ .
Proof. $H^{\infty}(B)\subset(AN)^{q}(\nu_{\alpha})$ $\overline{\Gamma}$ $\Gamma$ $H^{\infty}(B)$ , $\tilde{\Gamma}$
$H^{\infty}(B)$ $H(B)$ . $\tilde{\Gamma}$ $\tilde{\Gamma}(A(B))\neq\supset \mathbb{C}$ .
$\tilde{\Gamma}(A(B))=\mathbb{C}$ , $\Gamma((AN)^{q}(\nu_{\alpha}))\neq\supset \mathbb{C}$ $f\in(AN)^{q}(\nu_{\alpha})$
, $\Gamma(f)$ . $A(B)$ $(AN)^{q}(\nu_{\alpha})$ , $f$
$A(B)$ $\{fj\}j\in \mathrm{N}$ ,
\sim l\rightarrow im $||f_{j}-f||_{q,\alpha}=0$ (1)








. $(AN)^{p}(\nu_{\alpha})$ $B$ , $\lim_{jarrow\infty}c_{j}=\Gamma(f)$
$B$ , $B$ . $w\in B$
$\ovalbox{\tt\small REJECT}arrow\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} 1\mathrm{i}c_{j}=\Gamma(f)(w)$ , $w=0$ $\simarrow\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} c_{j}=\Gamma(f)(0)$
\Gamma (f)(w)=\sim l\rightarrow im $c_{j}=\Gamma(f)(0)$ .
, $\Gamma(f)$ . $f$ . $\overline{\Gamma}(A(B))\supset\neq \mathbb{C}$
. $\overline{\Gamma}$ $H^{\infty}(B)$ $H(B)$ , $\tilde{\Gamma}(A(B))\neq\supset \mathbb{C}$
, Lemma 6 , $B$ $B$ $\varphi$ ,
$\overline{\Gamma}(f)=f\circ\varphi$ $(f\in H^{\infty}(B))$





. $H$“ (B) $(AN)^{q}(\nu_{\alpha})$ , $f\in$






$B$ . , $\Gamma$ (4)
$\lim_{jarrow\infty}\Gamma(f_{j})=\Gamma(f)$
(6)
$B$ . $j\in \mathrm{N}$ , $f_{j}\in H^{\infty}(B)$
(3)
$\Gamma(f_{j})=f_{j}\circ\varphi$ $(j\in \mathrm{N})$ (7)
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. (5) $\sim(7)$ $B$ $z$ ,
$\Gamma(f)$ (z)=\sim l\rightarrow im $\Gamma(f_{j})(z)$
$= \lim_{jarrow\infty}(f_{j}\mathrm{o}\varphi)(z)$
$=(f\mathrm{o}\varphi)(z)$ .
CoroUary 1. $1\leq p<\infty,$ $1\leq q<\infty,$ $-1\leq\alpha<\infty$ . $\Gamma$ $(AN)^{q}(\nu_{\alpha})$
$(AN)^{p}(\nu_{\alpha})$ , :




Proof. (i) Theorem 2 . (\"u) , $p<q$ . W. Rudin
[10], p.140, Theorem 738 , J. H. Shapiro [12], p.246, Corollary 25
$f\in(AN)^{p}(\nu_{\alpha})\backslash (AN)^{q}(\nu_{\alpha})$ $f$ . $f\in(AN)^{p}(\nu_{\alpha}),$ $\Gamma^{-1}(f)\in$
$(AN)^{q}(\nu_{\alpha})$ ,
$f=\Gamma(\Gamma^{-1}(f))=\Gamma^{-1}(f)\circ\varphi$
. $\varphi\in Aut(B)$ , Lemma 7 $f\in(AN)^{q}(\nu_{\alpha})$ .
$f\not\in(AN)^{q}(\nu_{\alpha})$ . $p\geq q$ .
$p\leq q$ . , $p=q$ .
Theorem 3 $\varphi$ Cowen-MacCluer[2]Theorem 3.41
:
Theorem 3. $1\leq p<\infty,$ $-1\leq\alpha<\infty$ . $\varphi$ $B$ $B$
, $\sup\Omega_{\varphi}(z)<\infty$ . , $C_{\varphi}$ : $(AN)^{p}(\nu_{\alpha})arrow(AN)^{p}(\nu_{\alpha})$
$z\in B$
.
Proof. , $\alpha=-1,0\in\varphi(B)$ . $a=\varphi^{-1}(0),$ $\psi=\varphi\circ$ \mbox{\boldmath $\varphi$} .
, $\psi$ $B$ $B$ $\psi(0)=0$ . Schwarz
$|\psi(z)|\leq|z|$ $(z\in B)$ (1)
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. ,




Lemma 2\ddagger $\text{ }$
$\sup_{z\in B}\Omega_{\varphi_{a}}(z)<\infty$
$K \equiv\sup_{z\in B}\Omega_{\psi}(z)<\infty$ (2)
.
$f\in N^{p}(B)\backslash \{0\}$ , $f\circ\psi\in H(B)\backslash \{0\}$ ,
$|\nabla(f\mathrm{o}\psi)(z)|^{2}\leq n|(\nabla f)0\psi(z)|^{2}||\psi’(z)||^{2}$ $(z\in B)$ (3)





$\leq nK\int_{B}\chi’’(\log|f(w)|)\frac{|(\nabla f)(w)|^{2}}{|f(w)|^{2}}(1-|w|^{2})|d\nu(w)$ (4)
. , $\chi(t)=\{\log(1+e^{t})\}^{p}$ $(t\in \mathbb{R})$ .
$f\in N^{p}(B)$ Lemma 3
$\int_{B}\chi’’(\log|f(w)|)\frac{|(\nabla f)(w)|^{2}}{|f(w)|^{2}}(1-|w|^{2})d\nu(z)<\infty$ (5)
. (4), (5) Lemma 3 $f\circ\psi\in N^{p}(B)$ . $\varphi_{a}\in Aut(B)$
Lemma 7 $f\circ\psi\circ\varphi_{a}\in N^{p}(B)$ . $f\circ\varphi\in N^{p}(B)$ .
$\varphi$
$C_{\varphi}$ $N^{p}(B)$ $N^{p}(B)$ ,
, $C_{\varphi}$ : $N^{p}(B)arrow N^{p}(B)$ .
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$\mathrm{O}\not\in\varphi(B)$ , $\psi=\varphi_{b}\circ\varphi$ $(b=\varphi(0))$ $1\mathrm{e}$ $0\in\psi(B)$ .
$f\in N^{p}(B)$ , $f\circ\psi\in N^{p}(B)$ . $\psi$ $\varphi=\varphi_{b}0\psi$
, $\varphi_{b}\in Aut(B)$ Lemma 7 $f\mathrm{o}\varphi_{b}\in N^{p}(B)$ . ,
$f\circ\varphi=$ $\circ\varphi_{b}$ ) $\circ\cdot\psi\in N^{p}(B)$ . $\mathrm{O}\in\varphi(B)$
$\ovalbox{\tt\small REJECT}$ : $(B)arrow N^{p}(B)$ .
$-1<\alpha<\infty$ , Lemma 4 , Lemma 5 $\alpha=-1$
.
$([1]\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m}4.1)$ $B$ :





(i) $||f\mathrm{o}\varphi||_{N^{p}(B)}\leq K||f||_{N(B)}$ $(f\in H(B))$ .
,
$K \equiv\sup_{0<r<1,\eta\in S}[\int_{S}(\frac{1-|\varphi(r\zeta)|^{2}}{|1-\langle\varphi(r\zeta),\eta\rangle|^{2}})^{np}d\sigma(\zeta)]\frac{1}{p}$ .
(ii) $C_{\varphi}(N(B))\subset N^{p}(B)$ .
(iii) $C_{\varphi}$ : $N(B)arrow N^{p}(B)$ .




(i) $||f\mathrm{o}\varphi||_{(AN)^{p}(\nu_{\alpha})}\leq K||f||_{(AN)^{1}(\nu_{\alpha})}$ $(f\in H(B))$ .
,
$K \equiv\sup_{w\in B}[\int_{B}(\frac{1-|\varphi(z)|^{2}}{|1-\langle\varphi(z),w\rangle|^{2}})^{p(n+1+\alpha)}d\nu_{\alpha}(z)]p[perp]$ .
(\"u) $C_{\varphi}$ : $(AN)^{q}(\nu_{\alpha})arrow(AN)^{p}(\nu_{\alpha})|\mathrm{h}\text{ }.\text{ }$ .
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Proof. (a) . $f\in N(B)$ , Lemma 8 $S$ Borel $\mu$
, :












, (i) . (ii), (iii) (i) . , $1\leq q<\infty$ H\"older
$||f||_{N(B)}\leq||f||_{N^{q}(B)}$ (i) ,
$||f\circ\varphi||_{N^{\mathrm{p}}(B)}\leq K||f||_{N^{q}(B)}$ $(f\in N^{q}(B))$
. $C_{\varphi}$ : $N^{q}(B)arrow N^{p}(B)$ (iv) .










$= \int_{B}\log(1+|f(w)|)(\frac{1-|z|^{2}}{|1-\langle z,w\rangle|^{2}})^{n+1+\alpha}d\nu_{\alpha}(w)$ (6)
. (5), (6)
$\log(1+|f(z)|)\leq\int_{B}\log(1+|f(w)|)(\frac{1-|z|^{2}}{|1-\langle z,w\rangle|^{2}})^{n+1+\alpha}d\nu_{\alpha}(w)$ $(z\in B)$ (7)














$\leq K^{p}||f||_{(AN)^{1}}^{p}$ (’\mbox{\boldmath $\alpha$}
. (i) . (ii) (a) (iv) .
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